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Abstract 

For a C*-bialgebra A with a comultiplication A, a universal R- 
matrix of {A, A) is defined as a unitary element in the multiplier al- 
gebra M{A® A) oi Ai^ A which is an intertwiner between A and its 
opposite comultiplication A°p. We show that there exists no universal 
i?-matrix for some C*-bialgebras. 
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1 Introduction 

We have studied C*-bialgebras and their representations. In this paper, we 
consider a universal i?-matrix of a C*-bialgebra. Since a C*-bialgebra is 
not always a bialgebra in a sense of the purely algebraic theory of quantum 
groups, we generalize the definition of universal i?-matrix to C*-bialgebras. 
Next, we consider whether a certain C*-bialgebra has a universal i?-matrix or 
not. In this section, we show our motivation, definitions and main theorem. 



1.1 Motivation 

In this subsection, we roughly explain our motivation and the background 
of this study. Explicit mathematical definitions will be shown after § 11.21 
Let denote the direct sum of all Cuntz algebras except Ooo'- 

a = Ci e O2 e O3 e O4 e • • • (i.i) 
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where Oi denotes the 1-dimensional C*-algebra C for convenience. In 
we constructed a non-cocommutative comultipUcation of O*. The C*- 
bialgebra (C'*,A^) has no antipode (with a dense domain). With respect 
to A(p, tensor product formulae of representations of OnS are well studied 
[SHU]- Details about {0^,A^) are will be explained in §[01 

On the other hand, in the theory of quantum groups, a universal R- 
matrix for a quasi-cocommutative bialgebra is important for an application 
to mathematical physics and low-dimensional topology [5l[6l[7]. Therefore, 
it is meaningful for a given bialgebra to find its universal i?-matrix if it 
exists. However, C*-bialgebra is not always a bialgebra in a sense of the 
theory of purely algebraic case [BE]- Therefore, notions in purely algebraic 
case without change can not be always applied to C*-bialgebra (see also 
Remark ll.2f ii)). Related studies were also considered by Van Daele and 
Van Keer for Hopf *-algebras |15j . 

Our interests are to define a notion of universal i?-matrix of a C*- 
bialgebra and to clarify whether (O*, A,^) in (jl.ip has a universal i?-matrix 
or not. In this paper, we show the negative result, that is, (0*,A<^) has 
no universal i?-matrix. For this purpose, we show a statement about the 
non-existence of universal i?-matrix of a general C*-bialgebra (Lemma 12. ip . 

1.2 Definitions 

In this subsection, we recall definitions of C*-bialgebra, and introduce a 
universal i2-matrix of a C*-bialgebra. For two C*-algebras A and B, let 
IIom(^, B) and A ^ B denote the set of all *-homomorphisms from A to 
B and the minimal C*-tensor product of A and B, respectively. Let M(A) 
denote the multiplier algebra of A. 

At first, we prepare terminologies about C*-bialgebra according to 
P [m [H]. A pair {A, A) is a (7-bialgebra if ^ is a C*-algebra and A G 
}iom{A, M{A A)) such that A is nondegenerate and the following holds: 

(A (g) id) o A = (id (g) A) o A. (1.2) 

We call A the comultipUcation of A. Remark that we do not assume A{A) C 
A ^ A. Furthermore, A has no unit in general for a C*-bialgebra (^, A). 
From these, a C*-bialgebra is not always a bialgebra in a sense of the purely 
algebra theory [U [7] . 

According to [5l O [15] , we introduce a unitary universal ii-matrix and 
the quasi-cocommutativity for a C*-bialgebra as follows. 

Definition 1.1 Let (^, A) be a C* -bialgebra. 
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(i) The map fA,A from M{A0 A) to M{A0 A) defined as 

fA,Ai^)i^ ® y) = T-A,A{X{y x)) {X G M{A ^ A), x f» y G A (g) A) 

(1.3) 

is called the extended flip where ta,a denotes the flip of A® A. 

(ii) The map from A to Mi^A® A) defined as 

A"P{x)^fA,AiM^)) (^e^) (1-4) 
is called the opposite comultiplication of A. 

(iii) A C* -hialgehra A) is cocommutative if A = A°^. 

(iv) An element R € M{A®A) is called a (unitary) universal R-matrix of 

A) if R is a unitary and 

RA{x)R* = A°P{x) {x G A). (1.5) 

In this case, we state that (A, A) is quasi- cocommutative. 

Remark 1.2 (i) The additional assumption of unitarity of a universal 
i?-matrix is natural for *-algebras. 

(ii) If A is unital, then M{A®A) = A®A and ta^a = ta,a- In addition, if 
{A, A) is quasi-cocommutative with a universal i?-matrix R, then R G 
AiSi A. In the purely algebraic theory of quantum groups, a bialgebra 
has a unit by definition [7]. Hence the quasi-cocommutativity makes 
sense by using a universal i?-matrix as an invertible element in the 
tensor square of the bialgebra. On the other hand, there is no unit in 
C*-bialgebra in general by definition. If there is no unit, then there is 
no invertible element in the algebra. Hence the quasi-cocommutativity 
and universal i?-matrix make no sense for C*-bialgebras if one uses the 
purely algebraic axiom without change. 

(iii) If (A, A) is cocommutative, then the unit of M{A yl) is a universal 
i?-matrix of (^, A). Hence (^, A) is quasi-cocommutative. On the 
other hand, if a quasi-cocommutative C*-bialgebra {A, A, R) is not 
cocommutative, then R is not a scalar multiple of the unit of M{A ® 
A). Therefore the non-quasi-commutativity is stronger than the non- 
commutativity as same as the purely algebraic case. 

(iv) About examples of universal i?-matrix in purely algebraic theory, see 
examples in Chap. VIII. 2 of 
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1.3 Main theorem 



In this subsection, we show our main theorem. Before that, we explain 
the C*-bialgebra (0*,A^) in [9j more closely. Let On denote the Cuntz 
algebra for 2 < n < oo [3j, that is, the C*-algebra which is universally 
generated by generators si, . . . ,Sn satisfying s*Sj = 6ijl for i,j = 1, . . . , n 
and Y17=i ^i^i ~ ^ where / denotes the unit of On- The Cuntz algebra On 
is simple, that is, there is no nontrivial two-sided closed ideal. This implies 
that any unital representation of On is faithful. 

Redefine the C*-algebra as the direct sum of the set {On ■ n G N} 
of Cuntz algebras: 

a = On = {{xn) : ||(x„)|| ^ as n ^ oo} (1.6) 

raGN 

where N = {1,2,3,...} and Oi denotes the 1-dimensional C*-algebra for 

(n) (n) 

convenience. For n € N, let , . . . ,Sn denote canonical generators of On 
where s^^^ denotes the unit of C*. For n, m G N, define the embedding ipn,m 
of Onm into On <S) Om by 

'Pn,m{s^Z(i-i)+j) = 4""^ ^ 4™'' = 1, • • • , n, j = 1, . . . , m). (1.7) 

For the set ip = {(pn,m ■ n,m ^ N} in (jl.7p . define the *-homomorphism 
from O^ to O* (g) O* by 

A^ = (B{A^^^ : n G N}, (1.8) 



A^^Hx)= Yl ^rr.,l{x) {xeOn,n£N). (1.9) 

(m, Z)gN2, mi=n 

Then the following holds: The pair (C,f,A^) is a non-cocommutative C*- 
bialgebra ([9j, Theorem 1.1); There is no antipode for any dense subbial- 
gebra of (O*, A^) ([9], Theorem 1.2(v)). About much further properties of 
{0^:,A^), see [3 [12]. About a generalization of (O*, A^), see [TO] . 
Our main theorem is stated as follows. 

Theorem 1.3 There is no universal R-matrix of (O*, A^). 

In [5], Drinfel'd constructed a universal i?-matrix by taking a comple- 
tion of a given bialgebra with respect to a certain topology (see also Chap. 
XVI of [7J). As an analogy of this, we propose the following problem for 
non-quasi-co commut at ive C * -bialgebr as . 



4 



Problem 1.4 For a non-quasi-cocommutative C*-bialgebra A) (for ex- 
ample, (O*, A^)), construct an extension {A, A) of A) such that A) 
is a quasi-cocommutative. 

As a related topic, Drinfel'd's quantum double [S] is known as a method 
of construction of a braided Hopf algebra from any finite dimensional Hopf 
algebra with invertible antipode. Difficulties of application of this method 
to infinite dimensional case are discussed in [15| . 

In §[21 we will prove Theorem ll.31 In §[3l we will show another example 
of non-quasi-cocommutative C*-bialgebra. 

2 Proof of Theorem D 

We prove Theorem ll.3l in this section. For this purpose, we recall multiplier 
algebra and nondegenerate homomorphism, and show a lemma. 

2.1 Multiplier algebra and nondegenerate homomorphism 

For a C*-algebra A, let A denote the enveloping von Neumann algebra of 
A. The multiplier algebra M{A) of A is defined by 

M{A) = {a G a" ■.aAcA,AaC A}. (2.1) 

Then M{A) is a unital C*-subalgebra of A" . Especially, A = M{A) if and 
only if A is unital. The algebra M{A) is the completion of A with respect 
to the strict topology. 

A *-homomorphism from A to -B is not always extended to the map 
from M{A) to M{B). If (7Y, tt) is a nondegenerate representation of A, 
that is, 7r(j4)7Y is dense in Ti, then there exists a unique extension of tt in 
Y{om.{M{A),B{n)). We state that / G Hom(^,M(S)) is nondegenerate if 
f{A)B is dense in a C*-algebra B. If both A and B are unital and / is 
unital, then / is nondegenerate. For a *-homomorphism / from A to M{B), 
if / is nondegenerate, then / is called a morphism from A to B [16]. If 
/ G Ilom{A, B) is nondegenerate, then we can regard / as a morphism from 
A to by using the canonical embedding of B into M{B). Each morphism 
/ from ^ to -B can be extended uniquely to a homomorphism / from M{A) 
to M{B) such that f{m)f{b)a = f{mb)a for m G M{B),b G B, and a G A. 
If / is injective, then so is /. 
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2.2 A lemma 



For a unitary element [/ in a unital *-algebra 21, we define the (inner) *- 
automorphism AdU of 21 by AdU{x) = UxU* for x € 21. 

Lemma 2.1 Let (A, A) be a C* -bialgebra. If {A, A) is quasi-cocommutative, 
then for any two nondegenerate representations vri and 112 of A, (vri (g)7r2) o A 
and (7r2 ® tti) o A are unitarily equivalent where we write the extension of 
vTj (8) TTj on M{A ® A) as iTi ttj for i, j = 1, 2. 

Proof. Since TVij = ivi iTj is also nondegenerate, we can extend TTij on 
M{A A) and use the same symbol vTjj for its extension for i,j = 1,2. 
From this, vTjj o A is well-defined. Let Hi denote the representation space 
of VTj for i = 1, 2 and let T denote the flip between TCi (8) ^2 and H2 (8 Ti-i, 
which is a unitary operator. Then the following holds: 

TTsi o A = AdT o 7ri2 o A°p. (2.2) 

By assumption, there exists a universal i?-matrix R of (^4, A). Define 
S = TTuiR). From l^lh . 

7r2i o A = AdT o 7ri2 o {AdR o A) = AdVF o 7ri2 o A (2.3) 

where W = TS. This means that (7r2<8'7ri)oA and (vri (8)7r2) o A are unitarily 
equivalent. I 

From Lemma 12. 1^ we see that the study of tensor products of represen- 
tations of a bialgebra {A, A) is useful to verify whether (A, A) is quasi- 
cocommutative or not. The idea of Lemma l2.ll is a modification of a well- 
known fact in the purely algebraic case. We explain it as follows: Let A be 
a bialgebra with a comultiplication A in a sense of purely algebraic theory 
[7]. If (^, A) has a universal i?-matrix (where the assumption of "braided" 
is not necessary), then for any two representations vri, 7r2 of A, (vri (g) '/r2) o A 
and {tt2 (8) vri) ° A are equivalent ([7], Proposition VIIL3.1(a)). In order 
to define (tti (g) 112) o A and [112 (8) vri) o A for the C*-bialgebraic case, we 
assume that two representations are nondegenerate because neither vri <8> vr2 
nor 7r2 <8> vri can be always extended on M{A 8) A) without any assumption. 

2.3 Proof of Theorem D 

Let Pn denote the canonical projection of to On- We identify a rep- 
resentation vr of On with the representation vr o of here. If vr is a 
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nondegenerate representation of ©„, then vr is also a nondegenerate repre- 
sentation of O*. If two representations vri and 7r2 of On are not unitarily 
equivalent, then tti and tt2 are also not as representations of O*. 

It is known that there exist two unital representations tti and 7r2 of O2 
(especially, vri and it2 are nondegenerate) such that (tti ® 112) o Aj^lo^ and 
(7r2 (SivTi) o A^jc)^ are not unitarily equivalent from Example 4.1 of [8]. Hence 
(tti 7r2) o and (7r2 (8) vri) o A^ are not unitarily equivalent. From these 
and the contraposition of Lemma |2. 11 the statement holds. | 



3 Example 

We show another example of non-quasi-cocommutative C*-bialgebra. We 
call a matrix A nondegenerate if any column and any row are not zero. For 
1 < n < CX3, let M„({0, 1}) denote the set of all nondegenerate nxn matrices 
with entries or 1. In particular, Mi({0, 1}) = {1}. Define 

M,({0, 1}) = U{M„({0, 1}) : n > 1}. (3.1) 

For A = (aij) E M„({0, 1}), let Oa denote the Cuntz-Krieger algebra asso- 
ciated with A [4J. Define the direct sum CK* of {Oa ■ A G M^({0, 1})}: 

CK, = Oa (3.2) 

AeM*({0,l}) 

where we define Oi = C for convenience. Then CK* is a C*-bialgebra ([lOj. 
Theorem 1.2) such that in (II. ip is a C*-subbialgebra of CK* and it is also 
a direct sum component of CK^, ([10], Theorem 1.3(iv)). From this. Lemma 
12.11 and Theorem 11.31 the C*-bialgebra CK^, is not quasi-cocommutative. 
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